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In 1539, Findeisen /1 7 proposed the theory tha* large cloud droplets
are formed frem the fusion of emall droplets, produced by a difference in
8tokes' ®all vslccities. ™> observed ths fall of a drop through a cloud
ocongieting of droplets of four different dimensiona (radis of the droplets
r=95 10, 15, QO’Q and assumed the nmumber of droplets of cach size to be
invariadle. This ¢onforms witk the hypothesis of %he infinitely slow
formation of fine olond droplets. When the water content in & cloud (the
mess of water drops per unit volwme) equals 1.25 gr/m3 the radius of the
droplet, acocording %o Findelsen, increases from 30 to 100/(during a fall
of 150 meters and to 250m during a 550-meter fall, -

In this article it in assumed thst the droplste are distributed by
size, in confermity with Schumann's formila /2 7, which gives an asymp-
totic form for Smoluchovakiy's distridatiok:

oy ASqw o .27
7(r) --;#Zr € 3 W

Whers ¢, 18 tho vater content of the »loud or rog, ™m is the redius of
ths droplets foraing the largest part of the water content.

Fermuls {1} ie derive¢ un vhe assumption that a chengs in the
numder of dropleis of a given size ocsurs only as a result of fusion
during collision (oash sollision lsads *o fusion!) dut the numder of
collisions in & givea 7olume per unit time does not depend upon the
siseas of the Aropleis. The fcrm of the distridition curve, despite the

erudensss of the last hypothieeis agrees rother closely with the-
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of ralndrops, while the fine droplets {up o r - s
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st us caltulste the droplet’s rate of gr i .
r the number of scllisions -wita droplets of radius v, dw
Yo 1 (I'“, )AY,

viet o2 wzdlum
oz 1 second eqaeils:
(3)

Whereg-- 9r (rq—rl}g 13 the effertive rroge section of colltsion, nlry) 4
tJis nuher of d¥oplets of rodius r in" cubls sentinoter, & ¥ o -
(r = r§) "ts the difference 1n Stokes' 511 velocitles for the dropie .5?
3 18 earthrz a::c:eleratiqn, 715 the wviscosity coefficient. of air.

The insresse in the droplet's radius r during one ~o0llision with a
droplet of smell radius ry 13 given In the exprsssion:

Ar=4£% @)
As collieicns between enlarged droplets sre very rare (vy reason of
*he smallress of nirq) a Y}, we shall eesume thet & g:ven enlarged drep-

le', collides only with droplets of radi! no* greater then Tue
Tre total change !n the radius of a droplet per unit time because of

colliazio 1th droplets of all sizes up t = rm will be equal t{o:
o n wit ople sizes up to ry 'm W e?{.'z

]
dr__ 25g-¢w e J, ¢ 8 ) 3 &
F‘Hﬁ? (r"r, +2rr ) ~2rr| —+,)e Fmdtr, (§)
After integration we shall obein:
dr_ pew & . -5\ 4 .?)% (7 r) 2
== — r -— — r
T~ {(1=F e +2 (Z) v (F+5) nr + ¥
23 -/, 3 -[l(g % (7 £)-5 et
"""(2—36 o =z Y":J X 2 mpo
Whers )lf(x_.;;-} 16 the iroomplels goemma-functic., tadulated by Pearson[h_7
e0d ¥i7/3, 5/3) : olu7a
As may de sben from {£), the rate uf rowth of an enlerged droplet
increases with 1ts redius. Esking use of *his frct, we shell caleunlate
the growth of an enlarged drople: by successive a8teps in cach of which we
2Liall essume ‘hat Ty = “cuns*ant.
The Auration of each step mst setiefy the condition that i: the
subetitution for the right-hend term of egiation (2) the second term Is

appreciad less then wnity. Slure, in actual clouds and foge, 1. !5
P ’ m
of tre order OF seversl iisrors sid in eny cese ie not greater thcw paversl
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tovton for ke yekar rtand g 1n=5 o e

t &£ 0% sec (7)

Wann the weTar sonient 12 lsss, he inegwelity rescmws 4Ll greater.
Tmt 2 opow agsuzes thab the waler sontent of a slcad remainx ime ariable
It 18 then po3sitie Yo inteugrale (6) for an intervel of ~ime wWhick 1./111
satisfy (7}

N L

r
The expasslor@dn, cemers Gi{r} is & pelynomisl of the fourth degres

in tha 2 catkets (), -an te fartored irto sizple components by

v ovlinary @elcod. The rools of the polytomial, determined by Fevrari's

ma‘.Lod[ 5/, piive equel boi '
F=0,8377ms.. Fa=—0,808rs, s t14 =(—0, 819 V40508)r,,.

Afver intsgretion, we %211 obtain for the “iws of growih of a droplet
from r, to x {sa%12771ng ondition {7j):

f”’ﬁu‘?‘ [0.161n(r—0,837 tym)——7 00 I1n (r+ 0,869 Fm) +

F 342 In(ri - L639ryr + 0, 72942 )3 4, 44 arctan 22 4E39m. ‘””"]’ @

- The.growth of the droplet for apy interval of time in whish Stokes'
law of velo®17y 1a applicebls can be ob'alned after sals: lating the -kange
in'r . steép by atep in acvordente with formale (2). In fact, unlike
Findeiasen, wve sonsider sffsct of the grov‘h of *he fine droplete in the
develspuert of cloud or fog on the rate cf growth of the enlarged droplst.

. The ros.lis of salculations for the %ims of @rowth for water sonten*
o @y = 1 g/m3 ard Por inftial valuss of TmosuT0 = Tm are shown in Tatle 1.

Tadle 1. Time Reqiired for the Rediu:r of a Droplet to Insrease From
Yo Yo r

S8tagee »I Radiua < o Y ol Sl m|of D
{microns) Eo'\ 3 ? ? % o ‘? STl N
frov NN EBENEIRIRIRIEIE

Time of Grovia 730

(s0000d8) 870| 17c|380 | 585 (330 |40 | 390|190 | 285 | 240|257 [ 190

Thus, ihe iimw required for an increess !n alze o* an. enlarged
droplet from v, - TR tu T - 100Mie approximately 1 hour sud 25 mirutes.
Dixring this same 'imo, r . “Increases from Smonly o 33M. Figure 1
graphs the data of Tadle I. The dotied ~vrTe sMove the in-remge In r.

1ud

Pigure 1. Growth of & ;g i iroplet due to differ-
72 [ encea in Stokes' fall

: & r velocities. The un-

VAN ‘btroken 1line is the growth
ol curve of an enlarged drop-
Jot let; the dotted line is
2| . the growth curve of .
¢k —
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U houarse, 10rTe Jhoad J1uplel Wouotan. Wi 3ize of & raipdirop, it
muet fall for e Jong tlme within the cloud. This 1s made possible both
by the great vertizal eize of the zlowl and by the presenie of ascending
currents. FEapeoiulliy favorsble zomditions may srise in Swmulus clouds
during & proionged flow of moisture to their dase. ‘

Contrary to the slmost u.iveraal ldea that the largest drops are
alwvays to be fourd ui the bass of a sloud, the opposite phenomenon takea
place in rising cumuius louds. Ihe bess of a cloud 1s compozed of ite
vory youngest rart and retains only fine droplets which have not been adle
to grow larger. In ths uppar nart of the cloud containing ¢loud masses
vith & longer life the average nize of the droplets is larger and there
meat be individual droplets with radivs diPfering groatly from that of the
average mags of droplsts.

Such a picture wag actually observed in a misrophotograph of droplets
taken from an airplane in cumlus-type clouds in the summer of 19%6 at the
. Main Geographic Ubservatory by I. I. Chestaays and V. I. Zaytesv. In the
oreats .of :rising cumulus clowls of a aize {vertically) of the order of
0.5 kilometers, they discovered individual droplets with radius 100 sor
more whils the redius of droplets at the base of +these clouds did not ex-
. cped 104, The lifetime of +the tlouds studied amounted: +o 2-3 hours.
;.- The: feaults. of the microphotography are given in / 6 /.
. .Coénmequently, owr results agree satisfactorily with thess experimental
data; .1f the .fact that we ueed a high velue for the water content of & clowd
be taken into scount.

It is algo of intereat to trace the temporal variation in the distridu-
tion curve of droplsets with respect to aize.

Figure 2 gives the distridution curvee in convontiomﬁl wnits:
s[i- l—)-’
oz'(r)=(—*’r—>4(—f—')2c33[ )

(radius is in microns) for certain values of r (5, 6, 8/."), corre-
eponding to various ages of the cloud mass.

Figure 2. DuizTriduticn Lurves for 0 1. vohooupoa the age
of the clowd. -

The marimm of curve n'{r) is deter - . - surL 4~ %o zero the
derivative with respect to y. "¢ obtain the veiue
’ —
. = %rm%0,74 Fom (9)

For recently formed cioud masses{mall values of T)the perk i3 sharp
and the fleld of possidle values fcr the radii is ~omparatively narrow. With
increase in 1y, that ‘s with tha growth of the proccas of coagulation, the
.peak becomes flatter and the field of poseidle velus. for the radii iIncreeses.
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The e8st16h oF the ourve charecterizing the 4otel amiber of irchits 2

- Nodin{@iates rapidly.s: |

N 1s easily celculated after integrating (1) with respect to ell
radl! from O Yo ov for a glven water sontent. Ve shall obtain:

W= (0= g = 2y Z

. Where Nm is the number of droplets per 1 cuble centlimeter in & homo-
... gensous cloud of-droplets of radius r .

Teble 2 shows the number of droplets when ti: re are two valuss for .
the vater content, 1.00 and 0.16 grems per cubic meter(the latter value
repressnta the aversge value of water sontent of clouds obte!ned experi-
mentally by Diew [ T/

Table 2. Total Nunber of Droplets per Cubic Cantimeter of Jloud

2 wa‘bor Content |  Number of aroplets in 1.cm3 vhen ¥ equals:
dnGperowm [ STBTT 7B 19 TI0 [20 ] 30.]40
. Epao | 3300|1600 {1100 [Boofsso | uoo [ 50 fas
o ¥ea6 530 1.255°1 115 f130f. 90 65| 8] Z.:{ 1.1

According to Houghtou's data /8 7 for clouds, 1 cubic centimeter
contains 50 to 500 droplets vhen the average value of Iy does not exseed
10/4. For fogs of a water content 0.05%0.25 grams per cubic meter end
with en averege value of r, - 204254, the number of droplets per cubic
centimeter, according to the cdata of Houghton and Radford / 3/, equale
246. Our data ave in fair agrssment with these results. The deformation
of the form of the distribution curve with increese in the life of a cloud
mass (teking into account the observations of droplet distribution in .

. yarious parts of the cloud) alsc agrees wiilL the concrete graphs of drop-
lst distribution for various heights, es set trorth: in Diem'e article ['.13_7
(se6, for example, Flight Data, No 37, pp 61, 66).

The distribution ourves of droplets, by aize, plotisd asccording to
(1) have one mexipum, the sharpnese of which, 25 mentionsd ebove diminishes
with inoreese in r,. But if the development of a given part of a cloud
rocseds imgularTy and an older cloud mass 18 intermingled with a younger
Emasp, the droplsts of wiich have not besn adle to grow larger, we can obtein .
a ourve with two or more maxime, corresponding to the supsrposiiion of curves
for various r,'a (see, for example,” the distribution curve for droplats,
ac~rding to size, for various N's in Dism's article /7 7).

When the variation in water content is continuc.s (gor instance, in
the case of radfaticn fogs, with gradual drop in temperature) 14 s poasidle
to oalsulate,for example,a linear time function atsowding +o the method given
in this article ty sssuming qy - constant for each stege end assigning a
gowth of g, from stege to stage. We chould then obtain for the digtribution
of droplsts a more diffused murve than that according to formela (i), with
inoresused esymmetry of the side of the large drops.

. In conclusion, I express my deep gratitude to Ya. I. Frenkel for his
valueble suggestions, and also to Ye. S. Seleznevaya and I, I. Chestnaya
for their information on the results of misrophotographing droplets.
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